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GEOMETRY AND TOPOLOGY OF THE SPACE OF
PLURISUBHARMONIC FUNCTIONS
SOUFIAN ABJA
Abstract. Let Ω be a strongly pseudoconvex domain. We introduce
the Mabuchi space of strongly plurisubharmonic functions in Ω. We
study metric properties of this space using Mabuchi geodesics and es-
tablish regularity properties of the latter, especially in the ball. As an
application we study the existence of local Ka¨hler-Einstein metrics.
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Introduction
Let Y be a compact Ka¨hler manifold and αY ∈ H
1,1(Y,R) a Ka¨hler
class. The space HαY of Ka¨hler metrics ωY in αY can be seen as an infinite
dimensional riemannian manifold whose tangent spaces TωYHαY can all be
identified with C∞(Y,R). Mabuchi has introduced in [Mab87] an L2-metric
on HαY , by setting
〈f, g〉ωY :=
∫
Y
f g
ωY
n
VαY
,
where n = dimC Y and VαY =
∫
Y ωY
n = αnY denotes the volume of αY .
Mabuchi studied the corresponding geometry of HαY , showing in particu-
lar that it can formally be seen as a locally symmetric space of non pos-
itive curvature. The (geometry) metric study of the space (HαY , 〈, 〉ωY )
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has motiveted a lot of interesting works in the last decades, see notably
[Don99, Chen00, CC02, CT08, Chen09, LV13, DL12, Dar13, Dar14, Dar15].
The purpose of this article is to extend some of these studies to the case
when Y is a smooth strongly pseudoconvex bounded domain of Cn. We note
here that this problem of extension to the local case recently been considered
by Rashkovskii [Rash16] and Hosono [Hos16], Rashkovskii studied geodesics
for plurisubharmonic functions in the Cegrell class F1 on a bounded hy-
perconvex domain, he also showed that functions with strong singularities
generally cannot be connected by (sub)geodesic arcs. Hosono described the
behavior of the weak geodesics between toric psh functions with poles at the
origin.
Our first interest is the geometry of the space of plurisubharmonic func-
tions, We equipped the space of plurisubharmonic functions with a Levi-
Civita connection D and we describe the tensor curvature and sectional
curvature as in a paper of Mabuchi [Mab87]. Our first main result is to the
establish that the space of plurisubharmonic functions is a locally symmetric
space:
Theorem A. The Mabuchi space H equipped with the Levi-Civita connection
D is a locally symmetric space.
Following the work of Donaldson [Don99] and Semmes [Sem92] in the
compact setting, we reinterpret the geodesics as a solution to a homogeneous
complex Monge-Ampe`re equation. Weak geodesics are introduced as an
envelope of functions:
Φ(z, ζ) = sup{u(z, ζ)/u ∈ F(Ω×A,Ψ)}
Our second main result is to establish regularity properties of geodesics in
the ball by adapting the celebrated result of Bedford-Taylor[BT76]:
Theorem B. Let B be the unit ball in Cn. Let ϕ0 and ϕ1 be the end
geodesic points which are C1,1. Then the Perron-Bremermann envelope
Φ(z, ζ) = sup{u(z, ζ)/u ∈ F(Ω×A,Ψ)}
admits second-order partial derivates almost everywhere with respect to vari-
able z ∈ B which locally bounded uniformly with respect to ζ ∈ A , i.e for
any compact subset K ⊂ B there exists C which depend on K,ϕ0 and ϕ1
such that
‖D2zΦ‖L∞(K×A) ≤ C.
The existence of local Ka¨hler-Einstein metrics was studied by Guedj,
Kolev and Yeganefar [GKY13] in bounded smooth strongly pseudoconvex
domains which are circled. This is equivalent to the resolution of the follow-
ing Dirichlet problem
(MA)1
{
(ddcϕ)n = e
−ϕµ∫
Ω
e−ϕdµ
, in Ω
ϕ = 0, on Ω
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They treated also the following family of Dirichlet problems
(MA)t
{
(ddcϕt)
n = e
−tϕtµ∫
Ω
e−tϕtdµ
, in Ω
ϕt = 0, on Ω
showing that there is a solution for t < (2n)1+1/n(1+1/n)(1+1/n). We apply
our study of the geodesics problem and an idea of [DR15, DG16] to prove
that the existence of a solution to (MA)t is equivalent to the coercivity of
the Ding functional:
Theorem C. Let Ω ⊂ Cn be a smooth strongly pseudo-convex circled do-
main. If there exists ε(t),M(t) > 0 such that,
Ft(ψ) ≤ ε(t)E(ψ) +M(t) ∀ψ ∈ H,
then (MA)t admits a S
1-invariant smooth strictly plurisubharmonic function
solution.
Conversely if (MA)t admits such a solution ϕt and Ω is strictly ϕt-convex,
then there exists ε(t),M(t) > 0 such that,
Ft(ψ) ≤ ε(t)E(ψ) +M(t) ∀ψ ∈ H.
The organization of the paper is as follows.
• Section 1 is devoted to preliminary results and the definition of the
space H and its geometry.
• In Section 2 we show that the geodesics are continuous (sometimes
even Lipschitz) up to the boundary of Ω×A.
• In section 3 we prove theorem B.
• Finally, we prove Theorem C in Section 4.
Acknowledgements. It is a pleasure to thank my supervisors Vincent
Guedj and Said Asserda, for their support, suggestions and encouragement.
I thank Ahmed Zeriahi for very useful discussions and suggestions. Also, i
would like to thank Tat Dat Toˆ and Zakarias Sjo¨stro¨m Dyrefelt for a very
careful reading of the preliminary version of this paper and very useful dis-
cussions.
1. Mabuchi geometry in pseudoconvex domains
In this section we will study the geometry of the space of plurisubharmonic
functions in strongly pseudoconvex domain, based upon works of Mabuchi
[Mab87], Semmes[Sem92] and Donaldson [Don99], as it was clarified through
lecture notes of Guedj [G14] and Kolev [Kol12].
1.1. Preliminaries. In this section we recall some analytic tools which will
be used in the sequel. Let Ω ⋐ Cn be a smooth pseudoconvex bounded
domain. Recall that a bounded domain Ω ⋐ Cn is strictly pseudoconvex if
there exists a smooth function ρ defined in neighbourhood Ω′ of Ω¯ such that
Ω = {z ∈ Ω′ /ρ(z) < 0} with ddcρ > 0, where
d := ∂ + ∂¯ , dc :=
i
2π
(∂ − ∂¯)
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Definition 1.1. We let PSH(Ω) denote the set of plurisubharmonic func-
tions in Ω. In particular a function ϕ ∈ PSH(Ω) is L1loc, upper semi-
continuous and such that
ddcϕ ≥ 0
in the weak sense of positive currents.
The following cone of ”test functions” has been introduced by Cegrell
[Ceg98]:
Definition 1.2. [Ceg98] We let E0(Ω) denote the convex cone of all bounded
plurisubharmonic functions ϕ defined in Ω such that limz→ζ ϕ(ζ) = 0, for
every ξ ∈ ∂Ω, and
∫
Ω(dd
cϕ)n < +∞.
Definition 1.3. [Ceg98] The class Ep(Ω) is a set of functions u for which
there exists a sequence of functions uj ∈ E0(Ω)decreasing towards u in all of
Ω, and so that supj
∫
Ω(−uj)
p(ddcuj)
n < +∞.
We will need the following maximum principle:
Proposition 1.4. [BT76] Let u,v be locally bounded plurisubharmonic func-
tions in Ω such that lim infz→∂Ω(u− v) ≥ 0 . Then
(ddcu)n ≤ (ddcv)n =⇒ u ≤ v in Ω.
1.2. The space of plurisubharmonic potentials. We begin this section
by defining the Mabuchi space of plurisuharmonic functions in Ω.
Definition 1.5. The Mabuchi space of plurisubharmonic functions in Ω is:
H := {ϕ ∈ C∞(Ω¯,R)/ddcϕ > 0 in Ω¯ ϕ = 0 on ∂Ω}
We now consider the tangent space of H in every C∞(Ω¯,R).
Definition 1.6. The tangent space of H at point ϕ, we denote by TϕH is
the linearisation of H defined by:
TϕH = {γ
′(0)/ ϕ : [−ε, ε]→H and γ(0) = ϕ}.
The tangent space of H at ϕ can be identified with
TϕH ∼= {ξ ∈ C
∞(Ω¯,R) / ξ = 0 on ∂Ω}
Indeed. Let ξ ∈ {ξ ∈ C∞(Ω¯,R) / ξ = 0 on ∂Ω}, we put γ(s) := ϕ + sξ
for s close enough to 0 we have γs ∈ H, and
γ(0) = ϕ and γ′(0) = ξ
this implies that ξ ∈ TϕH hence
{ξ ∈ C∞(Ω¯,R) / ξ|∂Ω = 0} ⊂ TϕH.
Conversely, let γ ∈ H which gives γt|∂Ω = 0 for every t. In particular
γ˙(0)|∂Ω = 0, therefore
ξ = γ˙(0) ∈ {ξ ∈ C∞(Ω¯,R) / ξ = 0 on ∂Ω}.
Definition 1.7. [Mab87] The Mabuchi metric is the L2 Riemanniann met-
ric. It is defined by
<< ψ1, ψ2 >>ϕ:=
∫
Ω
ψ1ψ2(dd
cϕ)n,
where ϕ ∈ H, ψ1, ψ2 ∈ TϕH.
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1.3. Mabuchi geodesics. Geodesics between two points ϕ0, ϕ1 in H are
defined as the extremals of the Energy functional
ϕ 7−→ H(ϕ) :=
1
2
∫ 1
0
∫
Ω
(ϕ˙t)
2(ddcϕt)
n.
where ϕ = ϕt is a path in H joining ϕ0 to ϕ1. The geodesic equation is
obtained by computing the Euler-Lagrange equation of the functional H.
Theorem 1.8. The geodesic equation is
(1) ϕ¨(t)− |∇ ϕ˙(t)|2ϕ(t) = 0
where ∇ is the gradient relative to the metric ωϕ = dd
cϕ.
Proof. We need to compute the Euler-Lagrange equation of the Energy func-
tional. Let (Φs,t) be a variation of ϕ with fixed end points,
φ0,t = ϕt, φs,0 = ϕ0, φs,1 = ϕ1 and φs,t = 0 on ∂Ω
Set ψt :=
∂φ
∂s |s=0 and observe that ψ0 ≡ ψ1 ≡ 0 and ψt = 0 on ∂Ω. Thus
φs,t = ϕt + sψt + ◦(s) and
∂φs,t
∂t
= ϕ˙+ sψ˙t + ◦(s)
and
(ddcφs,t)
n = (ddc(ϕt + sψt))
n = (ddcϕt)
n + s.nddcψt ∧ (dd
cϕt)
n−1.
A direct computation yields
H(φs,t) =
1
2
∫ 1
0
∫
Ω
( ˙φs,t)
2(ddcφs,t)
ndt
= H(ϕt) + s
∫ 1
0
∫
Ω
ϕ˙tψ˙(dd
cϕt)
ndt
+
ns
2
∫ 1
0
∫
Ω
ϕ˙t
2ddcψt ∧ (dd
cϕt)
n−1dt.
Integration by part, and the fact ψ0 ≡ ψ1 ≡ 0 yields∫ 1
0
∫
Ω
ϕ˙tψ˙(dd
cϕt)
ndt = −
∫ 1
0
∫
Ω
ψt{ϕ¨t(dd
cϕt)
n+nϕ˙tdd
cϕ˙t∧ (dd
cϕt)
n−1}dt.
And we have also by Stokes and the fact ϕ˙t = 0 on ∂Ω∫ 1
0
∫
Ω
(ϕ˙)2ddcψt∧(dd
cϕt)
n−1dt = 2
∫ 1
0
∫
Ω
ψt(dϕ˙∧d
cϕ˙t+ϕ˙tdd
cϕ˙t∧(dd
cϕt)
n−1)dt
hence
H(ϕs,t) = H(ϕt)+s
∫ 1
0
∫
Ω
ψt
{
−ϕ¨t(dd
cϕt)
n + ndϕ˙t ∧ d
cϕ˙ ∧ (ddcϕt)
n−1
}
dt+◦(s)
which implies
0 = dϕtH.ψt
= lim
s→0
H(ϕs,t)−H(ϕt)
s
=
∫ 1
0
∫
Ω
ψt
{
−ϕ¨t(dd
cϕt)
n + ndϕ˙t ∧ d
cϕ˙ ∧ (ddcϕt)
n−1
}
dt.
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Therefore (ϕt) is critical point of H if and only if
ϕ¨t(dd
cϕt)
n = ndϕ˙t ∧ d
cϕ˙ ∧ (ddcϕt)
n−1.

1.4. Levi-Civita connection. As for Riemanniann manifolds of finite di-
mension. One can find the local expression of the Levi-Civita connection by
polarizing the geodesic equation.
Definition 1.9. We define the covariant derivative of the vector field ψt
along the path ϕt in H by the formula
Dψ :=
dψ
dt
− < ∇ψ,∇ ϕ˙ >ϕ
Theorem 1.10. D is the Levi-Civita connection.
Proof. To show that D is a Levi-Civita connection, we must show that the
connection D is metric-compatible and a torsion-free.
i) Metric-compatibility: Let ψ1, ψ2 be two vector fields
d
dt
<< ψ1, ψ2 >>ϕ =
d
dt
∫
Ω
ψ1ψ2(dd
cϕ)n
=
∫
Ω
(ψ˙1ψ2 + ψ1ψ˙2)(dd
cϕ)n + nψ1ψ2dd
cϕ˙ ∧ (ddcϕ)n−1
=
∫
Ω
(ψ˙1ψ2 + ψ1ψ˙2− < ∇ (ψ1ψ2),∇ ϕ˙ >ϕ)(dd
cϕ)n
=
∫
Ω
((ψ˙1− < ∇ψ1,∇ϕ˙ >ϕ)ψ2(dd
cϕ)n
+
∫
Ω
ψ1(ψ˙2− < ∇ ψ2,∇ ϕ˙ >ϕ)(dd
cϕ)n
= << Dψ1, ψ2 >>ϕ + << ψ1,Dψ2 >>ϕ
(The passage from the second line to the third line is a result of the
equation
d(ψ1ψ2d
cϕ˙∧(ddcϕ)n−1) = d(ψ1ψ2)∧d
cϕ˙∧(ddcϕ)n−1+ψ1ψ2dd
cϕ˙∧(ddcϕ)n−1
and Stokes theorem).
ii) D is a torsion-free, because
Ds
dϕ
dt
= Dt
dϕ
ds
.
Thus D is a Levi-Civita connection. 
1.5. Curvature tensor. We will define the curvature tensor and the sec-
tional curvature and we will give those expressions. We will finish by proving
that the space of plurisubharmonic functions is locally symmetric. We start
by giving some definitions and conventions.
Definition 1.11. Let ψ and θ be two functions in the tangent space of H
at ϕ. The Poisson bracket of ψ and θ compared to the form ωϕ = dd
cϕ is
{ψ, θ} = {ψ, θ}ϕ := i
∑
α,β=1
ϕαβ¯
(
∂ψ
∂z¯β
∂θ
∂zα
−
∂ψ
∂zα
∂θ
∂z¯β
)
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where (ϕαβ¯) is the inverse matrix of (ϕαβ¯).
Lemma 1.12. Let ψ, θ and η three functions belonging to the tangent space
of H at ϕ. The Poisson bracket satisfies the following properties :
i) {ψ, θ} = −{θ, ψ}
ii) {ψ, θ} = ωϕ(Xψ,Xθ)
iii) {ψ, θ + η} = {ψ, θ} + {ψ, η}
iv) [Xψ,Xθ] = Xψ(Xθ)−Xθ(Xψ) = X{ψ,θ}
v)
∫
Ω{ψ, θ}η(dd
cϕ)n =
∫
Ω ψ{θ, η}(dd
cϕ)n
vi) D{ψ, θ} = {Dψ, θ}+ {ψ,Dθ}.
where Xψ := i∇ψ and [, ] is the Lie bracket.
Let ψ be a function in tangent space, the Hessian of ψ is defined by
Hessψ = ∇ϕdψ, where ∇ϕ is the Levi-Civita connection respectively to the
form ωϕ = dd
cϕ. We Recall in the next lemma some proprieties of the
Hessian well know in the literature.
Lemma 1.13. Let X and Y be two vector fields. Then the Hessian satisfies
the following proprieties:
i) Hessψ(X,Y ) =< ∇ϕX∇
ϕψ, Y >ϕ.
ii) Hessψ(X,Y ) = X(Y (ψ)) −∇ϕXY (ψ).
iii) ddcψ(X, iY ) = Hessψ(X,Y ) + Hessψ(iX, iY ).
Where ∇ϕ and <,>ϕ are the Levi-Civita connection and the metric respec-
tively associated to the form ωϕ = dd
cϕ.
In the sequel of this section, we consider a 2-parameters family ϕ(t, s) ∈ H
and a vector field ψ(t, s) ∈ TϕH defined along ϕ. We denote by
ϕt =
dϕ
dt
, ϕs =
dϕ
ds
.
Definition 1.14. The curvature tensor of the Mabuchi metric in H is de-
fined by
Rϕ(ϕt, ϕs)ψ := DtDsψ −DsDtψ
where ϕ(s, t) ∈ H is 2-parameters family and vector field ψ(s, t) ∈ TϕH.
The sectional curvature is given by
Kϕ(ϕt, ϕs) :=<< Rϕ(ϕt, ϕs)ϕt, ϕs >>ϕ
Theorem 1.15. The curvature tensor of the Mabuchi metric in H can be
expressed as
Rϕ(ϕt, ϕs)ψ = −{{ϕt, ϕs}, ψ}.
The sectional curvature is the following
Kϕ(ϕt, ϕs) = −||{ϕt, ϕs}||
2
ϕ ≤ 0,
where {, }ϕ is the Poisson bracket associate to the form ωϕ = dd
cϕ.
Proof. To compute the curvature tensor of D, we compute the first term in
the definition of the curvature tensor . Indeed, let ψ be the vector field, its
derivative along the path ϕs
Dsψ = ψs− < ∇ψ,∇ϕs >ϕ= ψs + Γϕ(ψ,ϕs),
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where
Γϕ(ψ,ϕs) = − < ∇ψ,∇ϕs >ϕ,
we derive the Dsψ along the path ϕt as follows
DtDsψ = Dt(ψs + Γϕ(ψ,ϕs)
=
d
dt
(ψs + Γϕ(ψ,ϕs)) + Γϕ(ψs + Γϕ(ψ,ϕs), ϕt))
= ψst +
d
dt
(Γϕ(ψ,ϕs)) + Γϕ(ψs, ϕt) + Γϕ(Γϕ(ψ,ϕs), ϕt).
We express the second term in RHS of the last equation:
d
dt
Γϕ(ψ,ϕs) =
d
dt
(− < ∇ψ,∇ϕs >ϕ)
= −
d
dt
ϕαβ¯ϕsαψβ¯
= −ϕαβ¯ϕsαtψβ¯ − ϕ
αβ¯ϕsαψβ¯t + ϕ
αm¯ϕnβ¯ϕnm¯tϕsαψβ¯
= Γϕ(ψ,ϕts) + Γϕ(ψt, ϕs) + dd
cϕt(∇ ϕs, i∇ ψ).
By applying of the three properties of lemma 1.13 by taken X = ∇ϕs and
Y = ∇ψ, then we express the last term in the last equation as follows:
ddcϕt(∇ϕs, i∇ ψ) = Hess(ϕt)(∇ ϕs,∇ψ) + Hess(ϕt)(i∇ ϕs, i∇ ψ).
Which gives
d
dt
Γϕ(ϕt, ψ) = Γϕ(ψ, ϕts)+Γϕ(ψs, ϕt)+Hess(ϕt)(∇ ϕs,∇ψ)+Hess(ϕt)(i∇ ϕs, i∇ ψ).
We develop the fourth term in the RHS in the last equation by applying
the second proprieties of the lemma 1.13, taken X = ∇ϕs and Y = ∇ψ:
Hess(ϕt)(∇ ϕs,∇ ψ) = ∇ ϕs(∇ ψ(ϕt))− (∇
ϕ
∇ ϕs
∇ ψ)(ϕt)
= ∇ ϕs(< ∇ ϕt,∇ ψ >ϕ)− < ∇ ϕt,∇
ϕ
∇ ϕs
∇ ψ >ϕ
= Γϕ(Γϕ(ϕt, ψ), ϕs)−Hess(ψ)(∇ ϕs,∇ ϕt)
We have also by applying the first proprieties of lemma 1.13:
Hess(ϕt)(i∇ ϕs, i∇ ψ) = < ∇
ϕ
i∇ ϕs
∇ ϕt, i∇ ψ >ϕ
= < ∇ϕi∇ ϕs(i∇ ϕt), i(i∇ ψ) >ϕ
= ωϕ(∇
ϕ
Xϕs
Xϕt ,Xψ)
Where Xh = i∇ h. Then we have:
d
dt
Γϕ(ϕs, ψ) = Γϕ(ψ,ϕts) + Γϕ(ψt, ϕs) + Γϕ(Γϕ(ϕs, ψ), ϕt)
−Hess(ψ)(∇ ϕt,∇ ϕs) + ωϕ(∇
ϕ
Xϕt
Xϕs ,Xψ)
After all previous equations, we get the expression of DtDsψ as follows:
DtDsψ = ψst + Γϕ(ψ,ϕts) + Γϕ(ψt, ϕs) + Γϕ(Γϕ(ϕs, ψ), ϕt)− Hess(ψ)(∇ ϕt,∇ ϕs)
+ ωϕ(∇
ϕ
Xϕt
Xϕs , Xψ) + Γϕ(ψs, ϕt) + Γϕ(Γϕ(ψ,ϕs), ϕt)
We get the expression of DsDtψ by reversing the roles of t and s as follows:
DsDtψ = ψst + Γϕ(ψ,ϕst) + Γϕ(ψs, ϕt) + Γϕ(Γϕ(ϕt, ψ), ϕs)− Hess(ψ)(∇ ϕs,∇ ϕt)
+ ωϕ(∇
ϕ
Xϕs
Xϕt , Xψ) + Γϕ(ψt, ϕs) + Γϕ(Γϕ(ψ,ϕt), ϕs)
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Therefore we get
Rϕ(ϕt, ϕs)ψ = DtDsψ −DsDtψ
= ωϕ(∇
ϕ
Xϕt
Xϕs ,Xψ)− ωϕ(∇
ϕ
Xϕs
Xϕt ,Xψ)
= ωϕ([Xϕt ,Xϕs ],Xψ)
= ωϕ({ϕt, ϕs},Xψ)
= −{{ϕt, ϕs}, ψ}
In the line three we use the fact that the Levi-Civita connection is torsion
free. In the line four we use the fourth property in lemma 1.12, in the last
line we use the second property in lemma 1.12. We calculate the sectional
curvature as follow:
Kϕ(ϕt, ϕs) = << Rϕ(ϕt, ϕs)ϕt, ϕs >>ϕ
=
∫
Ω
Rϕ(ϕt, ϕs)ϕtϕs(dd
cϕ)n
= −
∫
Ω
{{ϕt, ϕs}, ϕt}ϕs(dd
cϕ)n
= −
∫
ω
{ϕt, ϕs}{ϕt, ϕs}(dd
cϕ)n
= −||{ϕt, ϕs}||
2
ϕ
We use in line three the expression of the curvature tensor, in the line four
we use fifth property in lemma 1.12. 
Definition 1.16. We say a connection D in H is locally symmetric if its
curvature tensor is parallel i.e DR = 0.
Theorem 1.17. The Mabuchi space H provided by the Levi-Civita connec-
tion D is a locally symmetric space.
Proof. Let ϕ(t, s, r) be 3-parameters family in H.
Dr(Rϕ(ϕt, ϕs)ψ) = Dr(−{{ϕt, ϕs}, ψ}
= −{Dr{ϕt, ϕs}, ψ} − {{ϕt, ϕs},Drψ}
= −{{Drϕt, ϕs}+ {ϕt,Drϕs}, ψ} − {{ϕt, ϕs},Drψ}
= −{{{Drϕt, ϕs}} − {ϕt,Drϕs}, ψ} − {{ϕt, ϕs},Drψ}
= Rϕ(Drϕt, ϕs)ψ +Rϕ(ϕt,Drϕs)ψ +Rϕ(ϕt,Drϕs)(Drψ)
We use the expression of the curvature tensor and the sixth property in the
lemma 1.12 of the Poisson bracket. Therefore
(DrRϕ)(ϕt, ϕs)ψ = Dr(Rϕ(ϕt, ϕs)ψ)−Rϕ(Drϕt, ϕs)ψ−Rϕ(ϕt, Drϕs)ψ−Rϕ(ϕt, ϕs)(Drψ) = 0,
hence H is locally symmetric. 
2. The Dirichlet problem
We now study the regularity of geodesics using pluripotential theory, the
tools using are developed by Bedford and Taylor [BT76, BT82].
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2.1. Semmes trick. We are interested in the boundary value problem for
the geodesic equation: given ϕ0,ϕ1 two distinct points in H, can one find a
path (ϕ(t))0≤t≤1 in H which is a solution of(1) with end points ϕ(0) = ϕ0
and ϕ(1) = ϕ1? For each path (ϕt)t∈[0,1] in H, we set
Φ(z, ζ) = ϕt(z) , z ∈ Ω and ζ = e
t+is ∈ A = {ζ ∈ C/1 < |ζ| < e}
We will show in this section that the geodesic equation in H is equivalent
to Monge-Ampe`re equation on Ω×A as in Semmes [Sem92].
Lemma 2.1. The Monge-Ampe`re measure of the function Φ in Ω×A is :
(ddcz,ζΦ(z, ζ))
n+1 = (ddczΦ(z, ζ))
n+1 + (n+ 1)(ddczΦ(z, ζ))
n ∧R
+
n(n+ 1)
2
(ddczΦ(z, ζ))
n−1 ∧R2
with
R = R(z, ζ) = dzd
c
ζΦ+ dζd
c
zΦ+ dζd
c
ζΦ,
Proof. We write dz,ζΦ = dzΦ + dζΦ and d
c
z,ζΦ = d
c
zΦ + d
c
ζΦ, and we give
also the expression of ddcz,ζΦ(z, ζ) in Ω×A. Indeed
ddcx,zΦ = (dz + dζ)(d
c
zΦ+ d
c
ζΦ)
= dzd
c
zΦ+ dzd
c
ζΦ+ dζd
c
zΦ+ dζd
c
ζΦ
= dzd
c
zΦ+R(z, ζ)
with R = dzd
c
ζΦ + dζd
c
zΦ + dζd
c
ζΦ such that R
3 = 0. Then we can find the
expression of(ddcx,zΦ)
n+1 in Ω×A. Indeed
(ddcz,ζΦ)
n+1 = (ddczΦ+R)
n+1
=
n+1∑
j=0
Cjn+1(dd
c
zΦ)
j ∧ (R)n+1−j
= (ddczΦ)
n+1 + (n+ 1)(ddczΦ)
n ∧R
+
n(n+ 1)
2
(ddczΦ)
n−1 ∧R2
On the second line we use Leibniz formula and the fact that R3 = R∧R∧R =
0 on the third line. 
Theorem 2.2. (ϕt)0≤t≤1 is a geodesic if and only if (dd
c
z,ζΦ(z, ζ))
n+1 = 0.
Proof. From the previous lemma, we have
(ddcz,ζΦ(z, ζ))
n+1 = (ddczΦ(z, ζ))
n+1 + (n+ 1)(ddczΦ(z, ζ))
n ∧R
+
n(n+ 1)
2
(ddczΦ(z, ζ))
n−1 ∧R2
The first term in RHS of the last equation equal to 0 a cause of bi-degree.
We have
dζΦ = ∂ζΦ+ ∂¯ζΦ =
∂Φ
∂ζ
dζ +
∂Φ
∂ζ¯
dζ¯ = ϕ˙t(z)(dζ + dζ¯)
and
dcζΦ =
i
2
(∂¯Φ− ∂Φ) =
i
2
(
∂Φ
∂ζ¯
dζ¯ −
∂Φ
∂ζ
dζ) =
i
2
ϕ˙t(z)(dζ − dζ¯)
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and we have also dζd
c
ζΦ = iϕ¨t(z)dζ ∧ dζ¯, which gives
R = iϕ¨t(z)dζ ∧ dζ¯ +
i
2
dzϕ˙t ∧ dζ¯ −
i
2
dzϕ˙t ∧ dζ + d
c
zϕ˙t ∧ dζ + d
c
zϕ˙t ∧ dζ¯
and
R2 = 2idzϕ˙t ∧ d
c
zϕ˙t ∧ dζ ∧ dζ¯
Now we can explain the second term also. Indeed
(ddczΦ)
n ∧R = (ddczϕt(z))
n ∧ (iϕ¨t(z)dζ ∧ dζ¯ +
i
2
dzϕ˙t ∧ dζ¯
−
i
2
dzϕ˙t ∧ dζ + d
c
zϕ˙t ∧ dζ + d
c
zϕ˙t ∧ dζ¯)
= iϕ¨t(dd
c
zϕt)
n ∧ dζ ∧ dζ¯
And also for third term, we have
(ddczΦ)
n−1 ∧R2 = (ddcϕt(z))
n−1 ∧R ∧R
= (ddcϕt(z))
n−1 ∧ 2idzϕ˙t ∧ d
c
zϕ˙t ∧ dζ ∧ dζ¯
= −2idzϕ˙t ∧ d
c
zϕ˙ ∧ (dd
cϕt(z))
n−1 ∧ dζ ∧ dζ¯
After the previous equations we have,
(ddcz,ζΦ)
n+1 = (n+ 1)(ddczΦ(z, ζ))
n ∧R +
n(n+ 1)
2
(ddczΦ(z, ζ))
n−1 ∧ R2
= i(n+ 1)(ϕ¨t(dd
c
zϕt)
n − ndzϕ˙t ∧ d
c
zϕ˙t ∧ (dd
c
ϕt(z))
n−1 ∧ dζ ∧ dζ¯
= i(n+ 1)
(
ϕ¨t −
ndzϕ˙t ∧ d
c
zϕ˙t ∧ (dd
cϕt(z))
n−1
(ddczϕt)n
)
(ddczϕt)
n ∧ dζ ∧ dζ¯
From the fact that nd(ϕ˙t)∧d
c(ϕ˙t)∧ (dd
cϕt)
n−1 = ϕ¨t(dd
cϕt)
n, we infer that
ϕt is geodesic if and only if
(ddcz,ζΦ(z, ζ)
n+1 = 0.

After the previous theorem we deduce that the geodesic problem in Mabuchi
space is equivalent to the following Dirichlet problem:

(ddcz,ζΦ(z, ζ))
n+1 = 0 Ω×A
Φ(z, ζ) = ϕ0(z) Ω× {|ζ| = 1}
Φ(z, ζ) = ϕ1(z) Ω× {|ζ| = e} (3)
Φ(z, ζ) = 0 ∂Ω×A
2.2. Continuous envelopes. We have that ϕ0 and ϕ1 are smooth, in the
sequel we can assume that ϕ0 and ϕ1 are only C
1,1.
Definition 2.3. The Perron-Bremermann envelope is defined by
Φ(z, ζ) = sup{u(z, ζ) ∈ F(Ψ,Ω ×A)}
with
F(Ψ,Ω ×A) = {u ∈ PSH(Ω×A) ∩ C0(Ω¯× A¯) / u∗ ≤ Ψ on ∂(Ω ×A)}
Where Ψ|∂Ω×A¯ = 0 and Ψ∂A×Ω =
{
ϕ0(z) {|ζ| = 1};
ϕ1(z), {|ζ| = e}..
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Theorem 2.4. If Ψ ∈ C0(∂(Ω×A)). Then the Perron-Bremermann enve-
lope Φ satisfies the following conditions:
i) Φ ∈ PSH(Ω×A) ∩ C0(Ω¯× A¯).
ii) Φ|∂(Ω×A) = Ψ.
iii) (ddcz,ζΦ(z, ζ))
n+1 = 0 in Ω×A.
Proof. Let ρ be a strictly plurisubharmonic defining of Ω = {ρ < 0}. Ob-
serve that the family F(Ψ,Ω ×A) is not empty .
i)We start by proving the plursubharmonicity of Φ in Ω×A. We can write
the Dirichlet problem on following way:{
(ddcz,ζΦ(z, ζ))
n+1 = 0 Ω×A
Φ(z, ζ) = Ψ(z, ζ) ∂(Ω ×A)
with Ψ(z, ζ) = 1
e2−1
(ϕ1(z)(|ζ|
2−1)−ϕ0(z)(|ζ|
2−e2)). Let h ∈ Har(Ω×A)∩
C0(Ω¯× A¯) be a harmonic function in Ω×A, continuous up to the boundary
of Ω×A, the solution of the following Dirichlet problem{
∆z,ζh(z, ζ) = 0, Ω×A
h = Ψ, ∂(Ω×A)
Exists, since Ω×A is a regular domain.
For all v ∈ F(Ψ,Ω×A), we have v∗ ≤ Ψ on ∂(Ω ×A),which implies
(v − h)∗ ≤ 0 on ∂(Ω ×A)
Furthermore we have
∆z,ζ(v − h)(z, ζ) = ∆z,ζv(z, ζ) ≥ 0 in Ω×A
Then by maximum principle
v(z, ζ) ≤ h(z, ζ) in Ω×A
the last inequality holds for every function in F(Ψ,Ω × A) , hence it holds
for upper envelope of subsolution
Φ(z, ζ) ≤ h(z, ζ) in Ω×A
It also holds for its upper semi-continuous regularization on the boundary
(Ω×A), we get
(Φ(z, ζ))∗ ≤ Ψ(z, ζ) on ∂(Ω ×A)
and consequently
Φ∗ ∈ F(Ψ,Ω ×A)
Since the function Φ∗ is plurisubharmonic in Ω×A and
Φ(z, ζ) ≤ Φ(z, ζ))∗ in Ω×A
we infer that
(Φ(z, ζ))∗ = Φ(z, ζ) in Ω×A.
hence Φ is plurisubharmonic function in Ω×A.
Since Φ is plurisubharmonic in Ω × A, implies Φ is upper semi continuous.
We now prove it is lower upper semi-continuous. Indeed Fix ǫ > 0 and since
∂(Ω×A) = (∂Ω×A¯)∪(Ω¯×∂A) is compact and the function Ψ is continuous
on ∂(Ω ×A), we can choose β > 0 so small that
(z, ζ) ∈ Ω×A,∀(ξ, η) ∈ ∂(Ω×A)‖(z, ζ)−(ξ, η)‖ ≤ β ⇒ |Φ(z, ζ)−Ψ(ξ, η)| ≤ ǫ
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Fix a = (a1, a2) ∈ C
n×C with ‖a‖ ≤ β. So, We have the following inequality
Φ(ξ + a1, η + a2) ≤ Ψ(ξ, η) + ε if (ξ, η) ∈ (Ω×A \ {a}) ∪ ∂(Ω ×A)
and
Φ∗(z+a1, ζ+a2) ≤ Ψ(z+α, ζ+a2)+ε ≤ Φ(z, ζ)+ε if Ω×A∩∂((Ω×A)\{a})
It follows that the function
W (z, ζ) =
{
max(Φ(z, ζ),Φ(z + a1, ζ + a2)− 2ε (z, ζ) ∈ (Ω× A) \ (Ω×A) \ {a};
Φ(z, ζ), (z, ζ) ∈ (Ω× A) ∩ (Ω× A) \ {a}.
is plurisubharmonic in Ω×A because
1) If (z, ζ) ∈ (Ω×A) ∩ (Ω×A) \ {a} it coincides with Φ which is plurisub-
harmonic.
2) If (z, ζ) ∈ (Ω×A) \ (Ω×A) \ {a}, it is the maximum of two plurisubhar-
monic functions .
3) After the two previous inequalities, we infer that the functionW coincides
on the boundary, furthermore
W ≤ Ψ on ∂(Ω×A)
Which implies W ∈ F(Ω ×A,Ψ), finally we get
Φ(z + a1, ζ + a2)− 2ε ≤ Φ(z, ζ) for (z, ζ) ∈ Ω×A and a ∈ C
n+1, ||a|| ≤ β
Thus Φ is lower semi-continuous, therefore it is continuous .
ii)We are going to prove that
lim
Ω×A∋(z,ζ)→(ξ0,η0)∈∂(Ω×A)
Φ(z, ζ) = Ψ(ξ0, η0)
Firstly, since Φ ∈ F(Ψ,Ω ×A) we have
lim sup
(z,ζ)→(ξ0,η0)
Φ(z, ζ) ≤ Ψ(ξ0, η0) ∀(ξ0, η0) ∈ ∂(Ω×A)
To prove the reverse of inequality, we construct a plurisubharmonic barrier
function at each point (ξ0, η0) = γ0 ∈ ∂(Ω ×A). Since ρ is strictly plursub-
harmonic function, we can choose B large enough so that the function
b(z, ξ) := Bρ(z)− |z − ξ0|
2 − |ζ − η0|
2
is plurisubharmonic in Ω×A and continuous up to the boundary such that
b(ξ0, η0) ≤ 0 with b < 0 for all (z, ζ) ∈ Ω¯× A¯ \ γ0.
Fix ǫ > 0 and take η > 0 such that Ψ(γ0) − ǫ ≤ Ψ(γ) ∀γ ∈ ∂(Ω × A) and
|γ − γ0| ≤ η. We choose a big constant C so that
Cb+Ψ(γ0)− ε ≤ Ψ on ∂(Ω ×A)
This implies that the function V (z, ζ) = Cb(z, ζ)+Ψ(γ0)−ε ∈ PSH(Ω×A)
is
V ≤ Ψ on ∂(Ω ×A)
Thus we have V ∈ F(Ψ,Ω × A) which implies V (z, ζ) ≤ Φ(z, ζ) in Ω × A.
We get
Ψ(ξ0, η0)− ε ≤ lim inf
(z,ζ)→(ξ0;η0)
Φ(z, ζ)
therefore
lim
(z,ζ)→(ξ0;η0)
Φ(z, ζ) = Ψ(ξ0, η0) ∀(ξ0, η0) ∈ ∂(Ω×A)
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iii) The Perron Bremermann envelope
Φ(z, ζ) = sup{u(z, ζ) ∈ F(Ω ×A,Ψ)}
is plurisubharmonic continuous up the boundary of Ω×A and Φ|∂(Ω×A) = Ψ.
By a lemma due to Choquet, this envelope can be realised by a countable
family
Φ(z, ζ) = sup{u(z, ζ) ∈ F(Ω ×A,Ψ)} = sup
j
{uj(z, ζ) ∈ F(Ω×A,Ψ)}
We put
Φj(z, ζ) = max(u1(z, ζ), u2(z, ζ)......uj(z, ζ))ր Φ(z, ζ)
the function Φjis increasing and
(Φ(z, ζ))∗ = (sup
j
{Φj(z, ζ)})
∗
Let B ⊂⊂ Ω×A be any ball, we consider the following Dirichlet problem{
(ddc(uj(z, ζ))
n+1 = 0, B;
uj = Φj, ∂B.
since
(ddcz,ζuj(z, ζ))
n+1 ≤ (ddcz,ζΦj(z, ζ))
n+1 in B
and
uj = Φj on ∂B
we have
Φj(z, ζ) ≤ uj(z, ζ) in B.
We consider the following function
Θ(z, ζ) =
{
uj(z, ζ), (z, ζ) ∈ B;
Φj(z, ζ), (z, ζ) ∈ Ω¯× A¯ \ B.
The function Θj belongs to F(Ω ×A,Ψ)}. This implies
Θj(z, ζ) ≤ Φj(z, ζ) in Ω×A
furthermore
Θj = Φj = Ψ on ∂(Ω×A)
then
uj(z, ζ) = Φj(z, ζ) in B
therefore
(ddcz,ζ(Φj(z, ζ)))
n+1 = (ddcz,ζ(uj(z, ζ)))
n+1 = 0 in B
since B is arbitrary we give
(ddcz,ζΦj(z, ζ))
n+1 = 0 in Ω×A
By the continuity property of Monge-Ame`pre operators of Bedford and Tay-
lor along monotone sequences, we have
(ddcz,ζ(Φj(z, ζ))
n+1 −→ (ddcz,ζ(Φ(z, ζ))
n+1 = 0
i.e
(ddcz,ζ(Φ(z, ζ))
n+1 = 0 in Ω×A.

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2.3. Lipschitz regularity. In this subsection we will give the geodesic reg-
ularity Lipschitz in time and in space. We begin by regularity Lipschitz in
time. We use a barrier argument as noted by Berndtsson [Bern15]
Proposition 2.5. The Perron Bremermann envelope Φ(z, ζ) = sup{u(z, ζ)/u ∈
F(Ω×A,Ψ} is Lipschitz function with respect to t = log |ζ|.
Proof. The proof follows from a classical balayage technique. Indeed, we
consider the following function
χ(z, ζ) = max(ϕ0(z)−A log |ζ|, ϕ1(z) +A(log |ζ| − 1))
where A > 0 is a big constant. Furthermore
χ(z, ζ)|Ω×{|ζ|=1} = max(ϕ0(z), ϕ1(z)−A) = ϕ0(z)
χ(z, ζ)|Ω×{|ζ|=e} = max(ϕ0(z)−A,ϕ1(z)) = ϕ1(z)
χ(z, ζ)|∂Ω×A = max(−A log |ζ|, A(log |ζ| − 1) ≤ 0
The last line follows by ϕ0 = ϕ1 = 0 on ∂Ω and 1 < |ζ| < e. Then χ it
belongs to F(Ω ×A,Ψ) and
χ(z, ζ) ≤ Φ(z, ζ) in Ω×A
since Φ(z, ζ) = ϕ(z, log |ζ|) and χ(z, ζ) = χ(z, log |ζ|), which implies
ϕ(z, log |ζ|)− ϕ(z, 1)
log |ζ|
≥
χ(z, ζ)− ϕ(z, 1)
log |ζ|
=
χ(z, ζ)− χ(z, 1)
log |ζ|
lim
|ζ|→1
χ(z, ζ)− χ(z, 1)
log |ζ|
= lim
|ζ|→1
ϕ0(z)−A log(|ζ|)− ϕ0(z)
log |ζ|
= −A
which gives ϕ˙(z, 0) ≥ −A, similarly for other case ϕ˙(z, 1) ≤ A. Since the
function ϕt is convex along t (by subharmonicity in ζ),we infer that for
almost everywhere z,t,
−A ≤ ϕ˙(z, 0) ≤ ϕ˙(z, t) ≤ ϕ˙(z, 1) ≤ A
then ϕt is uniformly Lipschitz at t = log |ζ|. 
We will prove the regularity Lipschitz in space by adapting the method
of Bedford and Taylor [BT76](see also [GZ17]).
Theorem 2.6. The Perron Bremermann envelope Φ(z, ζ) = sup{u(z, ζ)/v ∈
F(Ω × A,Ψ} is Lipschitz function up to the boundary with respectively to
space variable.
Proof. Let ρ be a smooth defining of Ω which is strictly psh in a neighbour-
hood Ω′ of Ω, and also α be a smooth defining of A which is strictly psh in a
neighbourhood A′ of A. We will construct an extension of function defined
on the boundary of Ω×A by
Ψ(z, ζ) =


ϕ0(z) Ω× {|ζ| = 1}
ϕ1(z) Ω× {|ζ| = e}
0 ∂Ω ×A
Let χ be a smooth function with compact support defined in [0, 1] by χ(t) = 1
near of 0 and by χ(t) = 0 near of 1. We put
χ˜(ζ) = χ(log |ζ|))
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is a smooth function in A¯. We have χ˜(ζ) = 1 near of |ζ| = 1 and χ˜(ζ) = 0
near of |ζ| = e.
We consider the following function:
F (z, ζ) = χ˜(ζ)ϕ˜0(z, ζ) + (1− χ˜(ζ))ϕ˜1(z, ζ) +Bα(ζ),
where ϕ˜0(z, ζ) = ϕ0(z), ϕ˜1(z, ζ) = ϕ1(z), The function F satisfies
F |Ω×∂A =


ϕ0(z), Ω× {|ζ| = 1}
ϕ1(z), Ω× {|ζ| = e}
0, ∂Ω×A
The function F is extension plurisubharmonic of the function Ψ defined in
Ω× ∂A to Ω×A. We can also extend the function Ψ defined in ∂Ω×A by
putting
F (z, ζ) = Dρ(z),
where D is a big constant.
On two cases the function F satisfies the following properties
F ≤ Φ on ∂(Ω ×A) and (ddcz,ζF )
n+1 ≥ (ddcz,ζΦ)
n+1 in Ω×A
By maximum Principle we get
F (z, ζ) ≤ Φ(z, ζ) in Ω×A
Applying the same process to the boundary data −Ψ we choose C1,1 function
defined in Ω × A such that G = −Ψ on ∂(Ω × A), the maximum Principle
implies
Φ(z, ζ) ≤ −G(z, ζ) in Ω×A
After the two previous inequalities we have
F (z, ζ) ≤ Φ(z, ζ) ≤ −G(z, ζ) in Ω×A
Since F (., ζ) ≤ Φ(, ζ) in Ω, the envelope Φ(, ζ) can be extended respectively
to variable z as a plurisubharmonic function in Ω′ by setting Φ(, ζ) = F (, ζ)
in Ω′ \ Ω with ζ fixed in A. Fix δ > 0 so small that z + h ∈ Ω whenever
z ∈ Ω¯ and ||h|| < δ, this set noted in sequel by Ωh. Fix h ∈ C
n such that
||h|| < δ. Recall that F and G are Lipschitz in each variable, thus
|F (z + h, ζ)− F (z, ζ)| ≤ C||h|| and |G(z + h, ζ)−G(z, ζ)| ≤ C||h||
for any z ∈ Ω¯ and ζ ∈ A¯.
Observe that the function v(z, ζ) := Φ(z + h, ζ)− C||h|| is well defined psh
in the open set Ω×A. If z ∈ ∂Ω ∩ Ωh and ζ ∈ A, then
v(z, ζ) = Φ(z + h, ζ)−C||h|| ≤ −G(z + h, ζ)−C||h|| ≤ −G(z, ζ) = Ψ(z, ζ).
If z ∈ Ω ∩ ∂Ωh and ζ ∈ A, then
v(z, ζ) = Φ(z + h, ζ)− C||h|| ≤ F (z + h, ζ)− C||h|| ≤ F (z, ζ) ≤ Φ(z, ζ).
This shows that the function w defined by
w(z, ζ) :=
{
max(v(z, ζ),Φ(z, ζ)) if (z, ζ) ∈ Ω ∩ Ωh ×A
Φ(z, ζ) if (z, ζ) ∈ Ω \ Ωh ×A
is plurisubharmonic in Ω × A. Since w ≤ Ψ on ∂(Ω × A) we get w ≤ Φ in
Ω×A, hence v ≤ Φ in Ω×A. We have shown that
Φ(z + h, ζ)− Φ(z, ζ) ≤ C||h||
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whenever z ∈ Ω ∩ Ωh , ||h|| ≤ δ and ζ ∈ A. Replacing h by −h shows that
|Φ(z + h, ζ)− Φ(z, ζ)| ≤ C||h||
Which proves that Φ(, ζ) is Lipschitz in every z ∈ Ω¯. 
3. Case of the unit ball
In this section we shall show how to use the proof of Bedford and Taylor
[BT76], which is simplified by Demailly [Dem93] in the unit ball for giving
the regularity in space variable for our geodesics problem. We need some
preparation for prove this regularity. The open subset B := {z ∈ Cn / |z1|
2+
|z2|
2..... + |zn|
2 < 1} of Cn is called the unit ball. First we shall define the
Mobius transformation of the unit ball. Let a ∈ B \ {0} ⊂ Cn. Denote the
orthogonal projection onto the subspace of in Cn generated by the vector a
by,
Pa(z) :=
< z, a > a
||a||2
.
The Mobius transformation associated with a is the mapping
Ta(z) :=
Pa(z)− a+
√
(1− ||a||2)(z − Pa(z))
1− < z, a >
With < z, a >=
∑n
i=1 zia¯i denote the hermitian scalar product of z and a.
For every a ∈ B, the Mobius transformation has the following properties
i) Ta(0) = −a and T0(a) = 0.
ii)an elementary computation yields
(2) Ta(z) = z − a+ < z, a > a+O(||a||
2) = z − h+O(||a||2),
with h = h(a, z) := a− < z, a > z and O(||a||2) is uniformly with respect of
z ∈ B¯.
We need in the sequel the following useful lemma for giving the regularity
in unit ball.
Lemma 3.1. Let u be a plurisubharmonic function in domain Ω ⊂⊂ Cn,
assume that there exists B, δ > 0 such that
u(z + h) + u(z − h)− 2u(z) ≤ B||h||2, ∀0 < ||h|| < δ
and for all z ∈ Ω and dist(z,Ω) > δ. Then u is C1,1-smooth , ant its second
derivative, which exists almost everywhere, satisfies
||D2u||L∞(Ω) ≤ B.
Proof. Let uε = u ∗ χε denote the standard regularization of u defined in
Ωε = {z ∈ Ω /dist(∂Ω, z) > ε} for 0 < ε << 1. Fix δ > 0 small enough and
0 < ε < δ2 . Then for 0 < ||h|| <
δ
2 we have
uε(z + h) + uε(z − h)− 2uε(z) ≤ B||h||
2(3)
It follows from Taylors formula that if z ∈ Ωǫ
d2
dt2
uε(z + th)|t=0 := lim
t→0+
uε(z − th) + uε(z + th)− 2uε(z)
t2
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therefore by having D2uε(z).h
2 ≤ B||h||2 for all z ∈ Ωε and h ∈ C
n. Now
for z ∈ Ωε
D2uε(z).h
2 =
n∑
i,j=1
(
∂2uε
∂zi∂zj
hihj + 2
∂2uε
∂zi∂z¯j
hih¯j +
∂2uε
∂z¯i∂z¯j
h¯ih¯j
)
Recall that uǫ is plurisubharmonic in Ωε hence
D2uε(z).h
2 +D2uε(z).(ih)
2 = 4
n∑
i,j=1
∂2uε
∂zi∂z¯j
hih¯j ≥ 0.
The above upper-bound also yields a lower-bound of D2uε
D2uε.h
2 ≥ −D2uε.(ih)
2 ≥ −B||h||2
For any z ∈ Ω and h ∈ Cn. This implies that
||D2uε||L∞(Ω) ≤ B
Thus, we have shown that Duε is uniformly Lipschitz in Ωε. We infer that
Du is Lipschitz in Ω and Duε −→ Du uniformly in compact subsets of Ω.
Since the dual of L1 is L∞, it follows from the Alaoglu-Banach theorem that,
up to extracting a subsequence,there exists a bounded function V such that
D2uε −→ V weakly in L
∞. Now D2uε −→ D
2u in the sense of distributions
hence V = D2u. Therefore u is C1,1 in Ω and its second-order derivative
exists almost everywhere with ||D2u||L∞(Ω) ≤ B. 
Theorem 3.2. Let B be the unit ball in Cn. Let ϕ0 and ϕ1 be the end
geodesic points which are C1,1. Then the Perron-Bremermann envelope
Φ(z, ζ) = sup{u(z, ζ)/u ∈ F(Ω×A,Ψ)}
admits second-order partial derivates almost everywhere with respect to vari-
able z ∈ B which locally bounded uniformly with respect to ζ ∈ A , i.e for
any compact subset K ⊂ B there exists C which depend on K,ϕ0 and ϕ1
such that
‖D2zΦ‖L∞(K×A) ≤ C.
Proof. For proving the theorem, we weed to prove the following inequality
Φ(z + h, ζ) + Φ(z − h, ζ)− 2Φ(z, ζ) ≤ A||h||2,
for any ||h|| << 1 , z ∈ B and ζ ∈ A.
The idea is to study the boundary behavior of the plurisubharmonic function
(z, ζ) 7−→ 12(Φ(z+h, ζ)+Φ(z−h, ζ) in order to compare it with the function
Φ in B×A. This does not make sense since the translations do not preserve
the boundary. We are instead going to move point z by automorphisms of
the unit ball: the group of holomorphic automorphisms of the latter acts
transitively on it and this is the main reason why we prove this result for
the unit ball rather than for a general strictly pseudoconvex domain (which
has generically few such automorphisms).
By the fact Φ is Lipschitz with respectively to z variable (theorem 2.6) and
expansion (2) we have
|Φ(Ta(z), ζ) − Φ(z − h, ζ)| ≤ C||Ta(z)− (z − h)|| ≤ C||a||
2
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and
|Φ(T−a(z), ζ) − Φ(z + h, ζ)| ≤ C||T−a(z)− (z + h)|| ≤ C||a||
2
which implies
Φ(z + h, ζ) + Φ(z − h, ζ) ≤ Φ(Ta(z), ζ) + Φ(T−a(z), ζ) + 2C||a||
2.
We consider the following functions:
F (z, ζ) := Φ(Ta(z), ζ) + Φ(T−a(z), ζ) + 2C||a||
2,
and G(z, ζ) = 2Φ(z, ζ) + D||a||2, we Observe that the functions F and G
are well defined in B×A and plurisubharmonic in B×A. We need to show
that
F (z, ζ) ≤ G(z, ζ) in B×A.
For showing the last inequality we will apply the maximum Principle, then
we need to prove
F (z, ζ) ≤ G(z, ζ) on ∂(B×A)
and
(ddcz,ζF (z, ζ))
n+1 ≥ (ddcz,ζG(z, ζ))
n+1 in B×A
The last inequality is easy follows from the fact that F is a plurisubharmonic
and (ddcz,ζΦ)
n+1 = 0 in B×A by (theorem 2.4).
We need to compare F and G in the boundary of B × A. Indeed, since
∂(B × A) = (∂B × A¯) ∪ (B¯ × ∂A), then we will compare in two parts, we
begin by the part ∂B× A¯, in this part we get
F |∂B×A¯ = 2C||a||
2 and G|∂B×A¯ = D||a|
2.
For shows that F |∂B×A¯ ≤ G∂B×A¯, we take just
D = 2C.
For the second part B¯ × ∂A, We compare in B × A¯ only ,because ∂B × A¯
belongs to the previous part, since ∂A = {|ζ| = 1}∪{|ζ| = e}, we begin this
part by comparing in case B× {|ζ| = 1}, we have
F |B×{|ζ|=1} = ϕ0(Ta(z)) + ϕ0(T−a(z)) + 2C||a||
2
and
G|B×{|ζ|=1} = 2ϕ0(z) +D||a||
2
We apply Taylor expansion and we get
ϕ0(Ta(z)) = ϕ0(z − h+O(|a|
2) = ϕ0(z)− dϕ(z).h +O(|a|
2)
and
ϕ0(T−a(z)) = ϕ0(z + h+O(|a|
2) = ϕ0(z) + dϕ(z).h +O(|a|
2)
Which is implies
ϕ0(Ta(z)) + ϕ0(T−a(z)) ≤ 2ϕ0(z) + 2C0|a|
2
where C0 depend only on the ϕ0 then
F (z, ζ) ≤ 2ϕ0(z) + 2C1|a|
2 + 2C|a|2
If we take D = 2(C0 + C), we get F (z, ζ) ≤ G(z, ζ) on B × {|ζ| = 1}. By
same methods we get F (z, ζ) ≤ G(z, ζ) on B×{|ζ| = 1} for D = 2(C1+C),
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where C1 depend only on the ϕ1 which concludes the second part.
By part one and two we infer
F (z, ζ) ≤ G(z, ζ) in ∂(B×A)
From the maximum Principle we get
F (z, ζ) ≤ G(z, ζ) in B×A
Which is implies
Φ(z + h, ζ) + Φ(z − h, ζ)− 2Φ(z, ζ) ≤ Φ(Ta(z), ζ) + Φ(T−a(z), ζ)
+2C||a||2 − 2Φ(z, ζ)
≤ Φ(Ta(z), ζ) + Φ(T−a(z), ζ)
+2C||a||2 − 2Φ(z, ζ)
≤ D||a||2
Observe that the mapping a 7−→ h(a, z) = a− < z, a > z is a local diffeo-
morphism in neighborhood of the origin as long as ||z|| < 1, which depend
on z ∈ B smoothly and its inverse h 7−→ a(h, z) is linear with a norm less
than or equal to 1
1−||z||2
since
||h|| ≥ ||a|| − ||a||||z||2 = ||a||(1 − ||z||2)
which gives
Φ(z + h, ζ) + Φ(z − h, ζ)− 2Φ(z, ζ) ≤
D||h||2
(1− ||z||2)2
Fix a compact set K ⊂ B compact, there exists δ > 0 such that ∀z ∈ K and
∀0 < ||h|| < δ we have
Φ(z + h, ζ) + Φ(z − h, ζ)− 2Φ(z, ζ) ≤
D||h||2
dist(K,∂B)2
after the previous lemma we get
||D2zΦ||L∞(K×A) ≤ D
with C = D
dist(K,∂B)2
. 
4. Moser-Trudinger inequalities
In this section we assume Ω is pseudoconvex circled domain. We try to
solve the complex Monge-Ampe`re equation
(4) (ddcϕt)
n =
e−tϕtµ∫
Ω e
−tϕtdµ
with ϕt smooth and plurisubharmonic, ϕt|∂Ω = 0 and µ just the Lebesgue
normalised so that µ(Ω) = 1. We know that
• We can solve this equation if t is not too large (t = 1 is treated in
[GKY13] and even t < (2n)1+1/n(1 + 1/n)(1+1/n)).
• One can not solve the equation if t is too large, cf [GKY13, section
6.2] and [BB11].
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We denote by
E(ϕ) :=
1
n+ 1
∫
Ω
ϕ(ddcϕ)n
the Monge-Ampe`re energy functional of a plurisubharmonic function ϕ,
which is defined as the primitive of Monge-Ampe`re operator. The expression
Ft(ϕ) := E(ϕ) +
1
t
log
[∫
Ω
e−tϕdµ
]
defines the Ding functional.
Definition 4.1. We say the functional Ft is coercive , if there exist ε > 0
and B > 0 such that :
Ft(ϕ) ≤ εE(ϕ) +B ∀ϕ ∈ H
Definition 4.2. Set Φs(z) = Φ(z, e
s). The continuous family (Φs)0≤s≤1 is
called the geodesic joining ϕ0 and ϕ1.
We show that E is linear along of geodesics, this result is in [GKY13,
lemma 22], and was proven by Rashkovskii [Rash16] in the Cegrell class, we
reprove it for continuous geodesics for convenience of the reader.
Lemma 4.3. Let (Φs)0≤s≤1 be a continuous geodesic. Then s 7−→ E(Φs) is
affine.
Proof. After the proof of theorem 2.2 we have
(ddcz,ζΦ(z, ζ))
n+1 = (n+ 1)(ddczΦ(z, ζ))
n ∧R +
n(n+ 1)
2
(ddczΦ(z, ζ))
n−1 ∧R2
= (n+ 1)
(
dζd
c
ζΦ ∧ (dzd
c
zΦ)
n − ndzd
c
ζΦ ∧ dζd
c
zΦ ∧ (dzd
c
zΦ)
n−1
)
We have by definition of E
E(Φ(., ζ) =
1
n+ 1
∫
Ω
Φ(z, ζ)(dzd
c
zΦ(z, ζ))
n
Which implies
dcζE =
1
n+ 1
∫
Ω
dcζΦ ∧ (dzd
c
zΦ)
n
dζd
c
ζE(Φ) =
1
n+ 1
(∫
Ω
dζd
c
ζΦ ∧ (dzd
c
zΦ)
n−1 + n
∫
Ω
d
c
ζΦ ∧ dζdzd
c
zΦ ∧ (dzd
c
zΦ)
n
)
=
1
n+ 1
(∫
Ω
dζd
c
ζΦ ∧ (dzd
c
zΦ)
n−1 − n
∫
Ω
dzd
c
ζΦ ∧ dζd
c
zΦ ∧ (dzd
c
zΦ)
n−1
)
=
1
(n+ 1)2
∫
Ω
(ddcz,ζΦ)
n+1
where the second equality follows from Stokes theorem because dζΦ = 0 on
∂Ω, and the last one be above calculation.
Thus, it follows from theorem 2.4 that ζ ∈ A 7−→ E(Φ(., ζ) ∈ R is harmonic
in ζ. Since Φ is invariant by rotation with respect to ζ, hence it is affine in
t = log |ζ|. 
We recall here [GKY13, proposition 23].
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Proposition 4.4. Assume that Ω is circled, let ϕt be an S
1-invariant solu-
tion of (MA)t. Then
Ft(ϕt) = sup
ψ∈I(Ω)
Ft(ψ),
where I(Ω) denotes all S1-invariant plurisubharmonic functions ψ in Ω
which are continuous up to the boundary, with zero boundary value.
Proof. Let (Φ)0≤s≤1 be a geodesic joining Φ0 := ϕt to Φ1 = ψ. It follows
from work of Berndtsson [Bern06] that
s 7−→ −
1
t
log
(∫
Ω
e−tΦsdµ
)
is convex, since s 7−→ E(Φs) is affine from lemma 4.3. Then s 7−→ F(Φs) is
concave.
therefore it is sufficient to show that the derivative of Ft(Φs) at s = 0 is
non-negative to conclude Ft(ϕt) = F(Φ0) ≥ Ft(Φs) for all s, in particular
at s = 1 where it yields Ft(ϕt) ≥ Ft(ψ). When 7−→ Φs is smooth, a direct
computation yields, for s = 0,
d
ds
Ft(Φs) =
∫
Ω
Φ˙s
[
(ddcΦs)
n −
e−tΦsµ∫
Ω e
−tΦsdµ
]
= 0
For the general case, the same method as in the proof of [BBGZ13, theorem
6.6] applies. 
Lemma 4.5. The Functional Ft is upper semi-continuous in E
1
C(Ω) = {ψ ∈
E1(Ω)/ψ = 0 on ∂Ω and E(ψ) ≥ −C}.
Proof. Recall Ft(ψ) = E(ψ) +
1
t log(
∫
Ω e
−tψdµ). The first term is upper
semi-continuous in E1(Ω). For the second term we apply Skoda uniform
integrability theorem[Zer01].
Assume without loss of generality that t = 1. We need to check that ψ ∈
E1C(Ω) 7−→
∫
Ω e
−ψdµ is upper semi-continuous.
Let ψj be a sequence in E
1
C(Ω) converging to ψ these functions have zero
Lelong number. The following extension:
gj = ψj + ψ to Ω ⊂ K ⊂ Ω
′ as g˜j = gj in Ω, g˜j = 0 in Ω
′ \ Ω. We apply
Skoda’s uniform integrability estimates:∫
Ω
e−2(ψ+ψj )dµ ≤
∫
K
e−2(ψ+ψj )dµ ≤ C
|
∫
Ω
e−ψjdµ−
∫
Ω
e−ψdµ| ≤
∫
Ω
|ψ − ψj |e
−(ψj+ψ)dµ ≤ C||ψj − ψ||L2(µ).
as follows from the Cauchy-Schwarz inequality and the elementary inequality
|ea − eb| ≤ |a− b|ea+b, for all a, b ≥ 0
The conclusion follows since (ψj) converges to ψ in L
2(µ). 
We recall that the Dirichlet problem (MA)t has a solution for t = 1 by
[GKY13], we moreover have uniqueness if Ω is stricltly ϕ-convex( Ω is strictly
convex dor the metric ddcϕ). We recall here the main result of [GKY13].
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Theorem 4.6. Let Ω ⊂ Cn be a bounded smooth strongly pseudoconvex
domain which is circled. Let ϕ be a smooth S1-invariant strictly plurisuhar-
monic solution of the complex MongeAmpe`re problem (MA)1. If Ω is strictly
ϕ-convex, then ϕ is the unique S1-invariant solution of (MA)1.
Inspired by Dinezza-Guedj [DG16, theorem 5.5], we now prove the fol-
lowing theorem
Theorem 4.7. Let Ω ⊂ Cn be a smooth strongly pseudo-convex circled
domain. If there exists ε(t),M(t) > 0 such that,
Ft(ψ) ≤ ε(t)E(ψ) +M(t) ∀ψ ∈ H,
then (MA)t admits a S
1-invariant smooth strictly plurisubharmonic function
solution.
Conversely if (MA)t admits such a solution ϕt and Ω is strictly ϕt-convex,
then there exists ε(t),M(t) > 0 such that,
Ft(ψ) ≤ ε(t)E(ψ) +M(t) ∀ψ ∈ H.
Proof. If we assume the following inequality holds,
Ft(ψ) ≤ ε(t)E(ψ) +M(t)
then the same method of [GKY13]applies, if only we change ϕ by tϕ.
Conversely, as ϕt is a solution of (MA)t then from the (proposition 4.4) we
have
(5) Ft(ϕt) := sup{Ft(ψ)/ψ ∈ H ∩ I(Ω)}
assume for contradiction that there is no ε > 0 such that
Ft(ψ) ≤ εE(ψ) +M
for all ψ ∈ H. Put εj =
1
j andM = Ft(ϕt)+1. Then we can find a sequence
(ϕj) ⊂ H such that
Ft(ϕj) >
E(ϕj)
j
+ Ft(ϕt) + 1
We discuss here two cases, the first case if E(ϕj) does not blow up to −∞,
we reach a contradiction, by letting j go to +∞. Indeed we can assume
that E(ϕj) bounded and ϕj converges to some ψ ∈ E
1(Ω) which is S1-
invariant. Since Ft is upper semi-continuous by lemma 4.5, we infer Ft(ψ) ≥
Ft(ϕt) + 1 > Ft(ϕt) contradiction because ϕt is the solution of (MA)t.
The second case if E(ϕj)→ −∞. It follows that dj = −E(ϕj)→ +∞.
We let (φs,j)0≤s≤dj denote the weak geodesic joining ϕt to ϕj and set ψj :=
φ1,j. We know that is s 7−→ E(φs,j) is affine along of the Mabuchi geodesic.
Thus E(φs,j) = ajs + bj , where aj and bj are real numbers. For s = 0 we
have
E(φ0,j) = bj = E(ϕt)
and for s = dj we have
E(ϕj) = E(φdj ,j) = ajdj + E(ϕt)
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therefore aj =
E(ϕj)−E(ϕt)
dj
. Then
(6) E(φs,j) =
E(ϕj)− E(ϕt)
dj
s+ E(ϕt)
Since s 7−→ E(φs,j) is affine along of the Mabuchi geodesic and by Berndts-
son [Bern06] convexity result, we infer that the map s 7−→ Ft(φs,j) is con-
cave, which implies with (5) that
0 ≥ Ft(φ1,j)−Ft(φ0,j) ≥
Ft(φdj ,j)−Ft(φ0,j)
dj
> −
1
j
+
1
dj
thus Ft(ψj) −→ Ft(ϕt). This shows that (ψj) is a maximizing sequence for
Ft. If we take t = 1 on equation (6) we get
(7) E(ψj) =
E(ϕj)− E(ϕt)
dj
+E(ϕt) = −1−
E(ϕt)
dj
+E(ϕt) ≥ −1+E(ϕt)
Passing to subsequence, we can assume that ψj converge to ψ ∈ E
1(Ω) which
is S1-invariant. Since Ft is upper semi-continuous and ψj is a maximizing
sequence for Ft then we have Ft(ψ) = Ft(ϕt) and so ψ = ϕt thanks to the
uniqueness. Letting j to infinity in (7) we get
E(ψ) = −1 + E(ϕt)
This yields a contradiction. 
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